On the completeness of trajectories for some 
Mechanical systems 
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Abstract The classical tools which ensure the completeness of vector fields and 
second order differential equations for mechanical systems are revisited. Possi- 
ble extensions are discussed in three directions: infinite dimensional Banach and 
Hilbert manifolds, Finsler metrics and pseudo-Riemannian spaces, including links 
with some relativistic spacetimes. Special emphasis is taken in the cleaning of 
known techniques, the statement of open questions and the exploration of prospec- 
tive frameworks. 



1 Introduction 

As explained in classical Abraham & Marsden book fT" p. 71], the completeness of 
vector fields is often stressed in the literature since it corresponds to well-defined 
dynamics persisting eternally. However, in many circumstances one has to live with 
incompleteness and, in this case, incompleteness may correspond with the failure 
of our model. Remarkably, this happens in General Relativity, where singularities 
have become so common (Schwarzschild spacetime, Raychauduri equation, theo- 
rems by Penrose and Hawking...) that one expects to find incompleteness under 
general physically reasonable assumptions — and hope that the quantum viewpoint 
will be able to explain what such a singularity will mean. At any case, to determine 
the completeness or incompleteness of the system becomes a fundamental property. 

In his early works at the beginning the the seventies, Marsden gave some two 
remarkable results on completeness. The fist one, in collaboration with Weinstein 
ll62l . on the completeness of Hamiltonian vector fields, extends previous works by 



Miguel Sanchez Caja 

Departamento de Geometria y Topologia, Universidad de Granada. Facultad de Ciencias, Campus 
Fuentenueva s/n. E18071 Granada (Spain), e-mail: sanchezm@ugr . es 

Partially supported by Spanish grants with Feder funds P09-FQM-4496 (J. Andaluci'a) and 
MTM2010-18099 (Mineco). 



1 



2 



Miguel Sanchez Caja 



Gordon ||29l . Ebin ll22ll and others. The second one, on the completeness of compact 
homogeneous pseudo-Riemannian manifolds ATI , one of the scarce results ensur- 
ing completeness instead of incompleteness in the Lorentzian setting at that epoch. 
The results on the side of geodesies in the Lorentzian setting have increased notably 
since then (see the review ifTTl ) and, in fact, some connections with the original Rie- 
mannian results for Hamiltonian systems have appeared. This has been an stimulus 
for a recent update of the classical Riemannian results carried out by the author and 
his coworkers 114). 

The aim of the present paper is to revisit these results, formulating them in a gen- 
eral framework, and pointing out new open questions and lines of study. The paper is 
organized in three parts. In the first one (Section|2]i, some preliminaries on infinite- 
dimensional Banach manifolds endowed with Finsler metrics are introduced. The 
reason is that, under our viewpoint, this is the general natural framework for the 
completeness of vector fields (first order problems) and, eventually, some second 
order problems might be extended to this setting. 

In Section [3] we study completeness for both, first and second order equations. 
For first order, we review some old results 1291 l22l l62l [T] |2l formulating them in 
the general Banach Finsler case, and allowing allowing also the time-dependence 
of the vector fields. The introduced primary bounds (Definition [TJ allow to purify 
techniques, Theorem[T] For second order, i.e., trajectories accelerated by potentials 
and other time-dependent forces, we give a general result on completeness in Rie- 
mannian Hilbert manifolds (Theorem [2|, which summarizes and extends those in 
II29I I22I l62l [T4il . The latter are also simplified technically because, even though our 
proof uses comparison criteria between differential equations as in previous refer- 
ences, here such criteria are reduced essentially to the elementary Lemma[T] — and 
the bounds through positively complete functions introduced in |62 | reduce to pri- 
mary bounds too. We suggest the possibility to go further in two directions: the 
time-dependence of the potentials and the Finsler Banach framework. 

In Section |4] we focus on (finite-dimensional) pseudo-Riemannian manifolds. 
Here there is a big diversity of results and techniques (see |17|) and we concen- 
trate in two topics. First, results in manifolds with a high degree of symmetry. In 
particular, the extension of Marsden's Theorem |5] to conformal metrics (Theorem 
|6]l is explained by taking into account techniques in previous section. Second, the 
geometry of wave type spacetimes, which provides a link between Riemannian and 
Lorentzian results (Theorem |9]l with new exciting open questions — some of them 
collected at the end. 



2 Preliminaries on infinite-dimensional manifolds 

Some preliminaries on Banach manifolds are introduced, gathering results on the 
elements which will be relevant for the posterior results, and the framework for ten- 
tative generalizations. Special emphasis is put in the necessity of paracompactness 
for the ambient manifold, as it will be equivalent to the existence of a C^-Finsler 
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metric such that its associated distance metrizes the manifold topology. The role of 
smoothability for Finsler metrics is also emphasized because, essentially, suffices 
for distance estimates in first order problems (Section [TT] i, but further smoothability 



may be required for the development of the second order (Section 3.2 1. 

We will follow conventions on Banach and Hilbert manifolds as in the original 
papers by Palais 1471 146! ^45*1. as well as books such as Abraham, Marsden & Ratiu 
H, Lang |40|, Deimling 1 19], Kriegl & Michor |38 1 or Moore's notes ||43]| . 

Topological conventions on Banach manifolds. Banach manifolds will be always 
assumed with k> 1, as well as connected, Hausdorjf and paracompact and, thus, 
normaQ A n-manifold will be a finite dimensional Banach manifold with dimension 
« e N. The letter M will denote a manifold; when the infinite dimension is allowed, 
we will remark explicitly that M is Banach (say, modelled on some Banach space B 
with norm || • ||) or, when applicable, Hilbert (modelled on some real Hilbert space 
H with inner product (•, •)). When indefinite metrics are considered, as in Section|4j 
M will be typically a «-manifold. 

Finsler Banach manifolds. F will denote a (reversible) Finsler metric on the Ba- 
nach manifold M, and {M,F) will be called a Finsler Banach manifold. This notion 
is taken in the sense of Palais 1.46.1 . that is, F yields a norm at each tangent space: 

Fp -.TpM^R (1) 

which admits a C*^ chart {U, (p),p £U,(p :U <zM ^ B such that the induced norms 

\\u\\,:=F,[d{<p-^)^^^^){u)) VueB, (2) 

(where d denotes here the differential or tangent map) satisfy: (a) they are equivalent 
to the natural norm || • || of B (i.e.. Eg \\ ■ \\g< || • || < e^' || • ||^ for some < e^^ < 1 
and all q U) , and (b) they vary continuously at p (i.e., for each < £ < 1 there 
exists a neighborhood Ug C U of p such that e || • ||cy<|| • \\p< \\ ■ Wq for all 

As norms cannot be differentiable arlo, the C'' differentiability of the norm || • | 
means always away from 0. The Finsler metric is called C'' (for 0<^'<fe— l)if 
tn IS C*^' and varies smoothly with p in a C way (i.e., for any chart {U,(j)) as above 
the map t/ X {B\{0}) ^R,{q,u) u ||^ is C*^'). 

Existence of Finsler metrics. The question of the existence of a C" Finsler metric 
depends only on topological grounds, but the existence of a one with A;' > is 
much subtler Namely, on the one hand the hypothesis of paracompactness on M 



In particular, our Banach manifolds will be always regular and, so, some difficulties pointed 
out by Palais in |47| (see Sect. 2 including the Appendix therein), will not apply. The central 
role of paracompactness from the topological viewpoint is stressed in Figure [T] Notice that, as a 
difference with the finite dimensional case, second countability does not imply paracompactness 
(see for example |42|, |38 Sect. 27.6] or 147)). 

^ Recall that neither the absolute value is. Moreover, at least in the finite-dimensional case, the 
square of a norm is smooth at if and only if it comes from a scalar product 1611 Prop. 4.1]. 
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Fig. 1 Topological properties related to the paracompactness of a (connected, Hausdorff) Banach 
manifold. 



becomes equivalent to the existence of C -partitions of the unity subordinated to 
any open covering and, by a resuh of Palais [46_, Th. 1.6], 1,47 , Sect. 3], it is also 
equivalent to the existence of locally Lipschitz partitions of the unity. The latter 
allows to ensure the existence of Finsler metrics in any Banach manifold f46l 
Th. 2.11]. On the other hand, when the model Banach space B admits C'' partitions 
of the unity subordinate to any open covering (which happens, in particular, when B 
is separable and admits a norm away from 0, see fSl, [T, Prop. 5.5.18, 5.5.19]), 
then the Banach manifold M also admits partitions of the unity [2i Th. 5.5.12] 
and, in this case, M admits C^^' -Finsler metrics too (Figure 



Remark 1. It is worth pointing out that, even though the differentiability of F may 
be useful for some issues (see Section 3.2.2 below), it will not be especially relevant 
for the estimates which involve length or distances in the problems of complete- 
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ness of trajectories, to be studied in Section |3.1| This is interesting for the time- 
dependent problem, as this case is commonly handled by transforming it in a non 
time-dependent one on a product manifold M x M, endowed with the direct sum 
Finsler metric (obtained by adding the Finsler metrics of the factors), see Remark[3] 
Nevertheless, this direct sum is non-differentiable away from even if the metric 
on each factor is (the differentiability on vectors of the product with one of the two 
components equal to zero is not guaranteed). 
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Fig. 2 Existence of smooth Finsler metrics on the manifold M modelled on the Banach space B. 



Associated distance. Recall that our definition of Finsler metric F includes re- 
versibility (i.e., F{v) = F{—v) for all tangent vector v £ TM) and, so, F defines a 
natural distance by taking the infimum of the lengths of the curves connecting each 
pair of points. This distance will be denoted dp or, simply, d if there is no possibil- 
ity of confussion. One can prove that the topology generated by d agrees with the 
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manifold topology by using the regularity of the manifold. f47l p. 202] and, so, that 
all Finsler Banach manifolds are metrizabl^ 

We will speak on the completeness of {M,F) in the sense of the convergence 
of Cauchy sequences for {M,d). One can also consider geodesies for {M,F) (as lo- 
cally length-minimizing curves of constant speed, with other characterizations under 



further smoothability, see Section 3.2.2 1 and we will say that {M,F) is geodesically 
complete when its inextensible geodesies are defined on all M. Clearly, the existence 
of an incomplete geodesic implies the incompleteness of d. 

In order to make estimates with the distances, we fix a base point po e M and 
denote 

\p\=d{p,po) ypeM. (3) 

(This notation will be used when the properties under study are independent of the 
chosen point po). 

Pseudo-Riemannian metrics on Banach manifolds. When the model space B of 
the Banach manifold M is reflexive, it is natural to define aC^ {k' < k—1) pseudo- 
Riemannian metric g as aC^ choice of a continuous symmetric bilinear form gp at 
each tangent space TpM such that the associated^af map (to lower indexes in finite 
dimension) into the dual space given by 

\>„ : T„M ^ TpM* , Vp ^ gp {vp , • ) (4) 

is a homeomorphism (if this condition on b/, were not imposed, one would speak of 
a weak pseudo-Riemannian metric and the reflexivity of B would not be required). 
The set of all such bilinear forms gp can be identified via a chart around p with an 
open subset of the set BLi,„,(B) of all the continuous symmetric bilinear forms on 
B. As BLsym{B) is naturally a Banach space too, the pseudo-Riemannian metric g 
can be regarded as a section of a fiber bundle on M with fiber BLsy,,, (B) (see BOl Ch 
VII.l]). 

Riemannian metrics on Hilbert manifolds. When the pseudo-Riemannian metric 
g is positive definite then we say that it is Riemannian. As we are assuming that bp is 
a homeomorphism, the model space B is Hilberteable So, it will be denoted H, and 
we will consider only Riemannian metrics on Hilbert manifolds Notice that, for any 
Riemannian metric g one has an associated Finsler metric given as F{v) = \/giv,v) 
for all V G TM. So, the bounds required in the definition of continuity for F in 
the Finslerian case (see (a) and (b) below formula (|2])), hold here in terms of the 
norm associated to the inner product (•, •) of H. Moreover, this norm is always C°° 
away from 0, any Hilbert manifold modelled on a separable space H admits 
partitions of the unity and, then, a C''^^ Riemannian metric. Riemannian metrics on 
Hilbert manifolds, as well as their geodesies, are extensively studied in the literature, 
see for example BOl or, for the separable case, |37|. The Hopf-Rinow theorem for 



^ Consistently, paracompactness can be deduced from the hypothesis of metrizability (or even just 
from pseudo-metrizability, see |2 Lemma 5.515]). 
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separable Riemann Hilbert manifolds can be found in ll37l Th. 2.1.3] (including the 
"Notes" therein). 

Concluding remarks and conventions. For the convenience of the reader, a sum- 
mary on the topological/smooth results commented above is provided in Figures [T] 
and[2] Basic detailed background can be found in |46, 47| and |2|. In what follows, 
all the objects will be smooth i.e. as differentiable as possible according to the dis- 
cussion above. This will mean at least for any Banach manifold M and C' for any 



vector field X on M, in the case of first order problems (Section 3. 1 1; as emphasized 
in Remarks [l]and[3j Finsler metrics are required only C** at this stage. Further re- 



quirements of smoothability will be needed for the second order case (Section 3.2 1 
In the (indefinite) finite-dimensional case (Section]?]), the issues on smoothability 
are not specially relevant and, so, the reader may either track them or just assume 
C°° smoothability. 



3 Completeness of trajectories in a positive-definite 
infinite-dimensional setting 

This section is divided into two subsections. The first one is devoted to the (first 
order) problem of the completeness of a vector field. We review some results es- 
sentially known from the seventies ll29l l22l l62l and explained in the books ||Tl]2l, 
extending them to the (C") Finsler setting when possible (Propositions [I] ]2i. The 
notion of primarily complete function and, then, primary bounds for a vector field 
(Definition [TJ allows to give an optimal result in the Finsler Banach case. Theorem 
]T] The time-dependent case is specially discussed in Remark]3]and the last part of 
the subsection. 

In the second subsection. Theorem ]2] (plus Remark |5]l summarizes and extends 
the results on second order differential equations in |29 22i]62][T4|. The proof 
is carried out in three conceptually independent steps, and the systematic usage 
of simple Lemma ]T] allows to carry out easily the technical bounds of the second 
step. The relation between the previous notion of primarily complete function and 
Abraham-Marsden's one of positive completeness is discussed. Even though the 
obtained bounds for the potential in the time-dependent case are natural, some alter- 
native are discussed suggesting the possibility of further results. We also discuss the 
difficulties of the generalization when Riemannian metrics are replaced by Finsle- 
rian ones, including a simple example of result for the (standard) finite-dimensional 
Finsler case. 
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3.1 Complete vector fields on Finsler Banach manifolds 
3.1.1 Elementary criteria 

The properties of the (local) flow of a vector field X and, in particular, the exis- 
tence of a flow box around each point, can be found, for example, in 12] p. 192ff], 
BOl p. 84ff] or [|43:, Sect. 1.10]. We start with a well-known result (see for example 
lElProp. 4.1.19]). 

Proposition 1. Let X be a vector field on a Banach manifold M, and let c : [0, /?) — > 
M (resp. [—b,0) — > M) be an integral curve ofX with < b < +°°. Then, c can be 
extended beyond b as an integral curve ofX if and only if there exists a sequence 
t„ — >■ b^ such that the sequence {c{t„)}„ (resp. {c(— f„)}„) is convergent in M. 

Proof. The necessity of the condition is obvious. For its sufficiency, let /? e M be 
the limit of the sequence. The existence of a flow box of Z at p ensures the existence 
of a neighborhood U of p and some e > such that the integral curves of X at any 
p' S t/ are defined on (—£,£). So, taking n large so that /? — f„ < £ the integral curve 
through c(f„) will be defined on [0,£) and c will be extensible through b. 

Accordingly, we will say that an integral curve c of X defined on some interval / of 
M is complete if it can be extended as an integral curve of X to all M, and X will be 
complete if so are its integral curves. 

Remark 2. This result follows in the infinite-dimensional case as well as in the finite- 
dimensional one. However, the application in the latter case is easier, because M is 
then locally compact. For example, Proposition[T]yields directly that, if the support 
of X is compact (in particular, if M is compact and, thus, finite-dimensional) then X 
is complete. 

Analogously, one can prove that if a Banach manifold (M, F) admits a C' -proper 
map / : M (i.e. f^^[[a.b\)\s compact for any compact [a,b\ C M), then a vector 
field X is complete whenever 

|^p(/)|<Ci|/(p)|+C2 (5) 

for some Ci , C2 > and all /? e M (recall that (j5]l implies a bound for the derivative 
of log(Ci l/o c| + C2) and, if the domain of the integral curve c is bounded, also a 
bound for / on c, which yields the result from Proposition [T| as it can be applied 
because / is proper, see [1, 2.1.20] or 12, 4.1.21] for more details). Even though 
proper maps are well behaved in Banach manifolds (for example, they are closed 
maps 1481 ) results as the previous one are used typically in the finite-dimensional 
case, putting, say, f = C\ |xp +C2 on a complete Riemannian n-manifold. 

The following criterion on completeness for Finsler Banach manifolds holds as in 
the case of Riemann Hilbert ones or Banach spaces (compare with 1 1 Prop. 2.1.2] 
or El Prop. 4.1.22]). 
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Proposition 2. Let {M,F) be a complete Finsler Banach manifold and X a vector 
field onM.Ifc'.IdR^Misa integral curve ofX and F (c) is bounded on bounded 
subintervals of I, then c is complete. 

Proof. Assume with no loss of generality that / = [0, Z?) , < oo, let A be the assumed 
bound and choose {f„} b. The associated distance d satisfies then: 

d{c{t„),c{t,„)) < / F{c{t))dt<A\t 

Jt„ 

So, {c(f„)}„ is a Cauchy sequence, which becomes convergent to some limit p by 
the completeness of {M,F). Then, Proposition[r|can be applied to {c(r„)}„. 

Remark 3. (The time-dependent case.) The results in the previous two propositions 
can be extended to the case when X is time-dependent, and defined for all the values 
of the time. 

More precisely, consider the product manifold M x M, let Hk : M x M — > M, Um ■ 
M X M — M be the natural projections, and denote by t the natural coordinate on M. 
We say that X is a time-dependent vector field on M if it is a smooth section of the 
pull-back bundle n^{TM), so that its base is M x M and each fiber comes from a 
tangent space to M. Such a vector field yields naturally a (time-independent) vector 
field XonMxR which satisfies dnuX^p^,^) = dnuX^p^^^^ and dU^Xf^p^,^-) = d,\tf^ 
for all (/?o,fo) e M X M. 

To speak on the integral curves of X makes a natural sense (see for example BOl 
Ch. IV]) and becomes equivalent to consider the integral curves of X; in fact, c will 
be an integral curve of X if and only if c : f i~> (c(f),f ) is an integral curve of X. So, 
Proposition[T]is extended directly to a time-dependent X. 

For Propositionl2] recall that, if {M,F) is a Finsler Banach manifold, then M x M 
admits a natural C^insler metric F obtained as the direct sum of F and the usual 
one on E (see Remark[I}. Clearly, F will be complete if and only if so is F and the 
F-length of the integral curve c of X is bounded on finite intervals if and only so is 
the F-length of the integral curve c of X, as required. 

3.1.2 Applications 

Next, we apply previous results to simple but general situations. Previously, we 
consider a technical elementary result for future referencing. 

Lemma 1. Consider the equation 

u — f{t,u) on [tQ,T), (6) 

where f € C''(M^,M) is locally Lipschitz in its second variable, and let w = w{t) be 
a subsolution of the differential equation i.e., w < f{t,w) on [tQ,T). Then for every 
solution u = u{t) offm such that w(fo) < u{tQ) we have 



w{t) < u{t) for all t G [t^J). 
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The proof follows just recalling that A := w — u < close to to by the assumptions 
and, if there were a first point such that 4 (f i ) = 0, then zi (f i ) < 0, a contradiction 
(see for example ll6(3i Lemma 1.1]) 

Estimates of the growth for completeness. Let us introduce some auxiliary defi- 
nitions. 

Definition 1. A (locally Lipschitz) function a : [Q,°°) —?' R is primarily complete if 
it is positive, non-decreasing and satisfies: 

= (7) 



a{x) 

A vector field X on a Finsler Banach manifold {M,F) is primarily bounded if 
there exists a primarily complete function a (the bounding function) such that 

FiXp)<a{\p\)) ypeM. (8) 

In particular, X grows at most linearly if it is primarily bounded by an affine bound- 
ing function, i.e.: 

F{Xp)<Co+Ci\p\ ypeM, (9) 

for some constants Co , Ci > 0. 

Remark 4. The best polynomial candidate for a bounding function a has degree one 
as, clearly, no polynomial of higher degree can be a primarily complete function. 
Nevertheless, a slightly faster growth is allowed for non-polynomial functions. For 
example, a will be primarily complete if it grows as l+x- \ogx ■ log(logx) for large 



X (see also the discussion in the last part of Section 3.2. 1 



Now, we can give a general bound for the completeness of vector fields. 

Theorem 1. Any primarily bounded vector field on a complete Finsler Banach man- 
ifold {M,F) is complete. 

Proof. Let c : / — > M be an integral curve of X. With no loss of generality, assume 
/ = [0,b), and choose po — c(0) in the notation introduced in ([sjl. Then: 

|c(OI< f'F{cis))ds< f a{\cis)\)ds. (10) 
Jo Jo 

where a is the bounding function. Thus, putting w{t) — \c{t)\: 

w{t) < a{w{t)). 
The unique inextensible solution wq of the equality 

wo(f) = a(vvo(f)) wo(0) = w(0)(= 0) 

is defined for all t e [0,°°), as its inverse is determined as w t{w) = Jq dw/a{w) 
and (|7]i holds. So, from Lemma[T]one has 
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w{t) < WQ{t) < wo{b) \fte{0,b). 

As a is non-decreasing, equation (jsjl yields the bound F{c) < a{wo{b)) so that 
Proposition|2]is applicable. 

By considering on M a vector field type X^^ = a{xQ)d^ one can check the optimality 
of Theorem [T] and, in particular, the optimality (as discussed in Remark |4]i of the 
at most linear growth of X to ensure completeness. Of course, a vector field with a 
superlinear growth such as X = y^d^ may be complete. In fact, in order to ensure 
completeness, only the growth of X along the direction of its integral curves be- 
comes relevant. This underlies in the fact that the sum of two complete vector fields 
X,Y may be incomplete (put Y — x^dy and X as before) and may suggest more 
refined hypotheses for completeness in Hilbert spaces (compare with IS Exercise 
2.2H]). 

Time-dependent case. As in the case of the criterions on completeness, Theorem[T] 
can be extended to the case of a time-dependent vector field X. In fact, the proof 
works in a completely analogous way (with the observations in Remark[3]), if the in- 
equality in (jTli is regarded as F(X(p,)) < a(|/?|) for all {p,t) e M x M. Nevertheless, 
one can be abit more accurate. 

Definition 2. A time-dependent vector field X on a Finsler Banach manifold is pri- 
marily bounded along finite times if there exists a primarily complete function a 
and a continuous function C(f ) > such that 

F{X(p,))<C{t)a{\p\) y{p,t)eMxR. 

In particular, X grows at most linearly along finite times when a can be chosen 
affine or, equivalently, when 

F(X(p,,))<Co(f)+Ci(f)b| V(p,f)eMxM (11) 

for some functions Co(f),Ci (f ) > 

Corollary 1. Let X be a time-dependent vector field on a complete Finsler Banach 
{M,F). IfX is primarily bounded along finite times then it is complete. 

Proof. Reasoning with an integral curve c defined on [0, b) as in the proof of Propo- 
sition|2] notice that the inequality (111 for all the pairs (/?, f ) G M x [0, b] also yields 



a time independent inequality as (|9| with C, =Max,g[o |(;]{C,(f)}, ; = 0, 1. Then, rea- 
son as in Remark [3] taking into account that X is primarily bounded (on M x [0, /?]) 
if and only if so does X. 
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3.2 Completeness for 2nd order trajectories 
3.2.1 General result on Riemann Hilbert manifolds 

The next result, stated on a Riemann Hilbert manifold {M,g), will summarize 
those in j29] |22l [T] O . To state it, notice that the notion of time-dependent vector 
field on M in Remark |3] can be directly translated to (continuous, linear) endomor- 
phism fields, which will be then regarded as sections on M x M with fiber at each 
{p,t) G M xM. equal to the vector space of bounded linear operators Tj-p ,) (M x M) — > 
T(^pt){M X M) which vanish on (0,(9;)(p,). Given such a field E, we will decom- 
pose it as E = S + H where S denotes its self-adjoint part {S ~ {E +E^)/2), and 
H the skew-adjoint one. A time-dependent or non-autonomous potential means just 
a smooth map V : M x M -^• M, then, the notation dV /dt : M xR ^ R makes a 
natural sense, and V^V denotes the time dependent vector field on M obtained 
by taking the gradient of V at each slice t ^constant with respect to g, i.e., 
dViX{p,t),0) ^ gi,{V''V{p,t),X{p,t)) for (X(p,f),0) e r(,,,)(Mx M). The point- 
wise norm induced by g in any space of tensor fields will be denoted || • || . 

Theorem 2. Let {M,g) be a complete Riemann Hilbert manifold, and consider a 
time-dependent endomorphism field E = S + H, a vector field R and a potential V 
on M, all of them time-dependent and smooth. Assume that: 

(i) S is uniformly bounded along finite times, i.e., \\ Sf^pt) || < Co{t) for all {p,t) € 
MxR, 

(ii) R grows at most linearly along finite times, i.e., \\ R(pj) ||< Co(f) +Ci(f)|/?| 
for all {p,t) e M X E, and 

(Hi) both, —V and \dV /dt\ grow at most quadratically along finite times, i.e., they 
are bounded by Co(f) +C2{t)\p\^, 

where Ci{t),i = 0, 1,2, denote positive functions. Then, the inextensible solutions of 
^(t) = 7(f) +Ririr),) - (7(0,0, (12) 

are complete. 

Proof. In order to clarify the ideas, the proof is divided into three steps. 

Step 1: Reduce the problem to the completeness of a vector field on the tangent 
bundle. The second order equation ^V2\ allows to define a vector field G on the 



manifold T{M x R) such that each solution 7 of (12i generates an integral curve 
t ^ (/(O, ^) G. This is standard (see for example 0] Ch. 3] or, for explicit 
details on the time-dependent case, |14 Section 3.1]) and, so, the problem will be 
reduced to apply the criterions in Propositions [T]ancl|2 to G. 

Step 2: Bound the velocity of any solution 7 of HI), by using the hypotheses (i) 



to (Hi). With no loss of generality, let 7 : [0,/?) M,/? < 00 be a solution of ( 12 1 



whose extendability to b is to be determined, let u{t) — giy{t),y{t)) the function to 
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be bounded, and choose the base point po — 7(0) for Taking in ( 12 1 the product 
by f. 

\u{t)^ g(%(,)_,)7(f),7(f))+g(/;(y(,),,),7(f))- (^^y(7((r),0-^(7((0,f; 

so that taking pointwise norms and simplifying the notation: 

^,{^u + V)<\\S\\u+\\R\\VTi + dV/dt 

<i\\S\\+l/2)u+\\Rf /2 + dV/dt 

Using the bounds (i), (ii), (iii) and taking into account that, as the t coordinate is 
confined in the compact interval [0,^?], the f-dependence of these bounds can be 
dropped: 

^{u + 2V)<Ao+Aiu+A2\r\^ (14) 
at 

for some constants Ao,Ai,A2 > 0. Consider the function l(t) — [Qy/u, t £ [0,b) 
which provides the length of 7. Clearly: 

\Y{t)\^<l(tf and f Utf dt < b ■ Utf Vfe[0,M, 

Jo 



the latter as / is nondecreasing. Using these inequalities and integrating in ( 14 1: 

u{t)~Ai f u<A'(^-2V{y{t),t)+A2bl{tf <CQ+Cil{tf, 
Jo 

where Aq,Cq, C\ are constants (Co and C\ positive), obtained by taking into account 
the hypothesis (iii). So, putting v(f) = /q u and relabelling Ai, 

V <Q)+Ci-f +C2-V for some constants Co,Ci,C2>0. (15) 

Now, V can be regarded as a subsolution of a differential equation, and Lemma [T] 
will be applicable to the solution vq of this equation with vo(0) — v(0) ~ i.e. 
v(f) < vo(f) and, taking into account ( 15 1: 

V < Co + Ci • + C2 • vo = vo 

on (0,^7). As M = V, to bound vo would suffice. 
Notice that vo can be written explicitly as: 

vo(f) f e-^^'{Ci) + Cil{tf)dt 

Jo 

so that, using that / is nondecreasing, 

vo<CQ + Cil^+C2be'='-''{CQ + Cil^)^A+Bl^ on[0,b) (16) 



14 



Miguel Sanchez Caja 



for some constants A,B > 0. But recall that I — ^Ju < that is, I can be also 
regarded as a subsolution of a differential equation: 

/ < (17) 

So, / is bounded by the correspondin g so lution (l{t) < \/A/B ■ sinh(A/S • t on (0,^)) 
and, thus, u (regarded either as P in (17 1 or as vq in ( 16 1) is bounded, as required. 



Step 3: As g is complete, j must lie in a compact subset. The aim is to prove the 
extendability of j as an integral curve of the vector field G on T{M x M) defined in 
the first step. As a first consequence of the boundedness of u, the completeness of g 
imply that y must be convergent in M. Then, it is convenient to distinguish two type 
of reasonings: 

(3a) In the case that M is finite dimensional, the convergence of y at b, the bound- 
edness of M = ^(7, 7) and the local compactness of TM, are enough to ensure that 7 
lies in a compact subset of TM, so that Proposition [T] is applicable to G. 

(3b) In the infinite-dimensional case, the lack of local compactness requires a 
more elaborated argument. First, the Riemannian metric g on M induces naturally a 
Riemannian metric g on TM, the Sasaki metric |56|. As proven by Ebin V121 , g is 
complete whenever so is g. The vector field G can be written as a sum G = Go + 
Gi + G2 where Go is the geodesic spray and, thus, a horizontal vector field, G\ is a 
vertical vector field such that, at each v^p ^y depends only of the value of R + V'^V 
at {p,t) and G2 is also a vertical vector which, at each v^^,), can be identified with 
^{^{p.t))- The convergence of 7 yields a bound for ^(Gi ,Gi) on 7, the boundedness 
of M implies a bound for ^(Go,Go) and, then, the boundedness of the operator E 
implies the boundedness of g{G2,G2)- So, G is bounded on 7, and Proposition|2]is 
applicable. 

Remark 5. (1) The result can be also sharpened, if one is only interested in the for- 
ward or backward completeness of the trajectories, i.e. the possibility to extend the 
solutions to an upper or lower unbounded interval type [a,°o) or {~°o,a] (also called 
positive or negative completeness). From the proof is clear that, in order to obtain 
the extensibility of the trajectories to +00 (resp. —°°), one requires only the upper 
(resp. lower) uniform bound of g{v,S{v))/g{v,v), for v e TM\ {Ojj^as well as the 
upper (resp. lower) bound of dV /dt, instead of the bounds for the norm and absolute 
value imposed in the hypotheses (i) and (iii) . 

(2) As a trivial consequence of Theorem|2] if M is compact then all the inexten- 
sible trajectories are complete, for any E,R,V. 

Primary and positively complete functions. The optimal growth allowed either 
for —V or for |(9y/(9r| can be sharpened, by using bounds in the spirit of the primary 
ones, introduced for Theorem [T[ which are clearly related to the notion of positive 
completeness introduced by Abraham and Marsden ll62ll . 

A smooth function Vb : [Q,°°) ^ M is called positively complete if it is non- 
increasing and satisfies 



* This can be rephrased as a bound of the spectrum of S, see 1401 Th. 3.10]. 
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/■+~ ds 

I — OO 

Jo ^e-Vo{s) 

for some (and then all) constant e > Vb(0) (hence e > Vo{s) for all s G [0, +°o)). Ex- 
tending Abraham-Marsden notions, we say that a smooth time-dependent function 
y : M X M — ^ M is bounded by a positively complete function along finite times if 
there exists functions Vo,C : [0,°°) — > M, Vq positively complete and C > such that: 

Vip,t)>C{t)Voi\p\)) V(/7,r)eMxM. 

The relation between these notions and those used in the last subsection comes from 
the fact that a smooth function Vb is positively complete if and only if ^e — Vo is 
well-defined and primarily complete for some e > Vb(0). Now, from the proof of 
Theorem[2] one can check easily: 

Hypotheses (ii) and (iii) in Theorem |2] can be replaced by the following 
more general one: there exists a primarily complete function a and a posi- 
tive one C such that R is primarily bounded along finite times by C • a and 
-V{p,t), \dV/dt\{p,t) < C{t)^a{\p\)^ for all {p,t) eMxR. 

In particular, the at most quadratic bounds in (iii) can be improved by requiring 
only bound^by, say, Co{t) +C2{t)\x\-^log^{l + \x\) and the at most linear bound in 
(ii) by Co(0 +Ci(f)|;c|log(l + |x|) (or other functions pointed out in [I] p. 233] or 
lfT4l Remark 5(2)]). These bounds might be optimized further, combining them also 
with better bounds for E. 

The time-dependence of the potential V. For a non-autonomous potential, the 
role of the bounds of dV /dt becomes quite subtler. Notice that one can regard V^V 
as a time-dependent vector Thus: 



If we assume in Theorem|2|that 'V'"V grows at most linearly along finite times, 
no bound for dV /dt is necessary. Nevertheless, such a hypothesis is not more 
general than the stated one (iii). In fact, in the autonomous case, if V^'y grows 
at most linearly then —V grows at most quadratic ally, but, clearly, the converse 
does not hold. 

Other alternative bounds for dV /dt in Theorem|2]can be explored. For example, 
assuming by simplicity R = in (ii), the result of completeness still holds if we 
replace (iii) by the following two conditions: V is lower bounded at finite times 
(V(Af)>-Co(f))and: 

\dV/dt\<Ci{t){V{p,t)-Co{t)) y{p,t)eMxR. (18) 



These improvements can be also extended to other contexts, as the completeness of certain Finler 
metrics in 1201 . 
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In fact, (13i would yield now d{u + 2V)/dt < C{u + 2V — B) for some constants 
C > Q,B E R which depend on the domain [Q,b),b < °o. So, u + 2V (and, then, m) 
would be bounded as a subsolution, see [161 for details). 



These new bounds (lower for V plus (18 1) are independent of those in (Hi) 



because, when V grows fast to infinity, such a growth is allowed for dV /dt 
too. So, to find a general optimal bound for dV /dt (say, with some geometric 
interpretation) remains as a natural question. 



3.2.2 Notes on the general Finsler case 

Finsler metrics and second order equations. In order to extend previous results 
to the Finslerian setting, notice that the Riemannian metric g in Theorem |2] not 
only allows to introduce distances and estimates on the growth of tensor fields, but 
also becomes essential to pose the second-order differential equation ( [T2| . For the 
Finslerian extension, this implies not only higher differentiabiUty for the Finsler 
metric F but also its strong convexity. 

Remark 6. As pointed out in Section |2] the existence of smooth Finsler metrics 
introduce some restrictions in the infinite dimensional case. In fact, notions such 
as pseudo-gradient^ were introduced to avoid those restrictions. Recall that the 
smoothness of each pointwise norm Fp is required only away from and, thus, it 
can be characterized as the smoothness of the Fp-unit sphere as a submanifold of 
the corresponding vector space TpM. However, the smoothness of F is not enough 
to introduce connections, covariant derivatives, etc. 

The triangle inequality implies that, for each norm Fp, p E M, the closed unit ball 
Bp{Q, 1) is convex, i.e., it contains any segment with endpoints in Bp{0, 1). If the 
triangle inequality holds strictly, then the unit sphere is strictly convex, in the sense 
that each segment with endpoints in Bp{Q, 1) must be entirely contained in the open 
unit ball Bp(0, 1) except, at most, the endpoints. Nevertheless, even in the smooth 
finite-dimensional case, the unit sphere may be strictly convex but not strongly con- 
vex. To define this notion, recall that the fundamental tensor of each norm Fp is the 
tensor field on TpM \ {0} defined as the Hessian /i,,^^ of Fp at each Vp e TpM \ {0}. 
Such a Hessian can be defined by using the affine connection of TpM if Fp is C^. 
Now, consider the slit tangent bundle TM\{Q] and the tangent bundle TM, as well 
as the natural projection n : TM \ {0} M. This maps induces a vector bundle 
n*{TM) with base TM\{0}, being its fiber at each v e TM\{0} isomorphic to 
T%(v)M. Taking the fundamental tensor for each Fp,p £ M, one defines naturally the 



* According to Palais |46 Defn. 4.1] (and taking into account Moore's modification f43' p. 50]), 
a pseudo-gradient for a function V on an open subset U is a locally Lipschitz vector field X such 
that e^Fp{Xpf <\\ dVp \\<£-^dVp{Xp) for all p e U. 
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fundamental tensor field h of F as a tensor field on the vector bundle n*{TM), and 
F is called strongly convex when h becomes a smooth positive definite tensor 

Strong convexity may introduce a new restriction in the infinite-dimensional 
case, but it is necessary for several purposes, even in the case of «-manifolds (see 
Il34l for details): 

• To ensure that geodesies (defined as extremals of the energy functional) are de- 
termined univocally by its initial condition (starting point and velocity) at some 
point. That is, otherwise geodesies cannot be regarded as solutions of a second 
order differential equation nor their velocities yield integral curves on a vector 
field on TM. 

• To ensure (at least in the finite-dimensional case) that the natural Legendre trans- 
formation TM TM*,Vp 1-^ gvp{vp,-) (which generalizes the metric isomor- 
phism of inner spaces, see Q, but may not be linear) becomes a diffeomorphism. 
Recall that this map is the fiber derivative associated to the Lagrangian L = 

(see ||59l Sect. 3.1], |2 Sect. 3.6]) and, then, the Lagrangian becomes hyper- 
regular. In this case gradients can be defined, and pseudo-gradients are no longer 
necessary. 

• To define natural connections on the Finsler manifold. 

Standard Finsler case. Taking into account the difficulties pointed out above for 
the general Finsler case, we restrict now to standard Finsler manifolds i.e., n- 
manifolds endowed with a C°°-smooth and strongly convex Finsler metric (as, for 
example, in O). Some similarities with the Riemannian case appear: 

• A covariant derivative for vector fields on curves. Thus, the acceleration of these 
curves can be defined, extending so the notion of Dy/dt in the Riemannian case 
131, pp. 121-124], Eg, Sect. 5.3]. 

• Non-constant geodesies can be defined as curves with acceleration, they admit 
a variational characterization and they also determine a (second order equation) 
vector field G on the slit tangent bundle TM \ {0} so that the integral curves of 
G are the curves of velocities of geodesies, ||3] Sect. 3.8, 5.3], ||59l Sect. 5.1]. 

• The Finsler metric F provides the fundamental tensor as well as a natural Sasaki 
type metric on the slit tangent bundle that makes TM \ {0} a Riemannian mani- 
fold IS p. 35]. 

Of course, important differences with the Riemannian case remain, as Chern/Rundt 
connection (as well as Cartan, Hashiguchi or Berwald connections) in Finslerian ge- 
ometry becomes much subtler than the natural Levi-Civita connection for the Rie- 
mannian case. 

With these elements at hand, one can try to give different Finslerian extensions 
of Theorem|2] Here, we will consider just the most obvious one, and leave the pos- 
sibility to obtain more general results for further developments. To avoid working 
with Finslerian machinery and work with one of the possible connections, notice 



that, in the case R = E = 0, formula (12 1 is the Euler-Lagrange equation for the 
critical curves of the action: 
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(19) 



with fixed points 7(0), /(/j). In Theorem|2] F is the norm of the Riemannian metric 
but, obviously, functional ([12]) makes sense for any Finsler metric and, under some 



the conditions as above, its Euler-Lagrange equation can be written as in ( 12 1 



Proposition 3. Lef {M,F) be a standard Finsler manifold, consider a time- 
dependent potential V ; M x M — > M such that —V and \dV /dt\ grows at most 
quadratically for finite times. Then, any inextensible curve 7 : / C M — > M whose 
restrictions to compact subintervals are critical points of the action functional \19\ 
is complete. 

Proof. Notice first that the problem can be reduced to study the integral curves of a 
vector field on TM, because, as the Finsler metric is standard, the Lagrangian L = 
(F^/2) — V becomes regular (in fact, hyper-regular), see for example |2, Th. 3.5.17, 



3.8.3]. Then, putting u F{ff, one has d{u + 2V) jdt = 2dV/dt and formula ([14 1 
holds (with A 1 = 0), so that the proof follows as in Theorem[2] 

Remark 7. A different direction in the possible generalizations of Theorem [2] is to 
allow non-reversible metrics in the standard case, so that F{v) ^ F{—v) in general. 
This leads to consider generalized distances (i.e., possibly non-symmetric ones) and 
then, forward and backward geodesies and Cauchy completions, as well as many 
other subtleties (see [241 and references therein). Nevertheless, the general back- 
ground for completeness would remain in this case. In fact. Proposition |3] can be 
extended to the non-reversible case. Namely, regarding the hypotheses of complete- 
ness for F in the sense of, say, forward completeness, and the generalized distance 
dp to the base point in the ordering \p\ = df{po,p) (so that the bound for the po- 
tential remains formally equal), the technique as well as the conclusion of forward 
completeness still hold. 



4 Completeness of pseudo-Riemannian geodesies 

This section is divided into four parts. The fist one tries to orientate the intuition on 
completeness on indefinite manifolds by recalling some examples and comparing 
the role of incompleteness in relativistic singularity theorems with bounds on the 
diameter for Riemannian distances in some Myer's type results. In the second part, 
we recall some results on completeness for manifolds with a high number of sym- 
metries, being apparent the difference between global symmetries (homogeneous, 
symmetric spaces) as in Theorems [5j [6] and local ones (constant curvature, local 
symmetry) in Theorems [7] |8] The third part is focused in plane wave type space- 
times, whose completeness yield a direct link with the Riemannian results of trajec- 
tories under potentials. Theorem [9] Previous results suggest some open questions 
stated in the last part of the section. 
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In what follows, {M,g) will be a n-manifold endowed with a pseudo-Riemannian 
metric of index v, typically a Lorentzian one (i.e., v = 1 so that the signature 
is (—,+,...,+)). The name of semi-Riemannian manifold (instead of pseudo- 
Riemannian) has been also spread, especially since O'Neill's book |44|. This book 
is referred here for general background on pseudo-Riemannian geometry, the review 
ifTTl for the specific problem of geodesic completeness, and the book|5 1 for related 
Lorentzian results. 



4.1 The pseudo-Riemannian and Lorentzian settings 

Let {M,g) be a pseudo-Riemannian manifold, and v e TM, v 7^ 0. Extending the 
nomenclature in General Relativity, v will be called timelike (resp. lightlike, space- 
like) if g(v, v) < (resp. = 0, > 0). 

Abandoning Riemannian intuition. For a pseudo-Riemannian manifold there is 
no any result analogous to Hopf-Rinow one and, for example, M may be compact 
and geodesically incomplete. 

Example 1. Consider the Lorentzian metric g on defined as g = Idxdy -\- x{x)dy^ , 
where T is periodic of period 1, t(0) =0 and t'(0) 7^ 0. A simple computation 
shows that the line x^Q can be reparameterized as an incomplete lightlike geodesic. 
So, the quotient torus T = M? /I? inherits an incomplete Lorentzian metric (more 
refined properties on tori can be found in 1.55,1 and referencies therein). 

The previous example also shows that a closed lightlike geodesic may be non- 
periodic and, then, incomplete. Also as a difference with the Riemannian case, a 
homogeneous Lorentzian manifold may be incomplete. 

Example 2. Consider a half plane of Lorentz-Minkowski space in lightlike coordi- 
nates M, V namely (M+ x M,g — Idudv). This space is trivially incomplete, and it is 
homogeneous too, as both, the v-translations and the maps 4>x '■ (u.v) i-> (Am, v/A) 
(for any A > 0), are isometrics. Recall also that the quotient cylinder obtained from 
the orbits of the isometry group {0™ • G 2} is another example of space with a 
closed incomplete lightlike geodesic (namely, the projection of u 1— > (m,0)). 

Singularity theorems. Even though at the very beginning of General Relativity in- 
completeness was regarded as a pathological property for a physical spacetime, the 
further development of Relativity showed that incompleteness appears commonly 
under physical conditions. Well-known results in this direction were obtained by 
Raychaudhuri |50|, Penrose f49]. Hawking |30|, Gannon [27] or, more recently. 
Galloway and Senovilla |26|, among others (see for example the review ||57l ). We 
emphasize that the claimed incompleteness here occurs only for geodesies of time- 
like or lightlike typ^ Even though it is not totally clear at what extent such incom- 
plete geodesies would represent a physical singularity (as well as the meaning of the 

' Explicit examples by Kundt 1331 . Geroch 1281 p. 531] and Beem f4\ showed the full logical 
independence among spacelike, timelike and lightlike geodesic completeness. 
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latter, see the classical discussion |28 1), the moral in Relativity is that the knowledge 
of the possible completeness or incompleteness of the underlying Lorentzian mani- 
fold becomes an essential property of the spacetime. 

As pointed out in |53|, perhaps the simplest singularity theorem for researchers 
interested in connections with Riemannian Geometry is the following one by Hawk- 
ing, which can be regarded as a support for the physical existence of a Big Bang. 

Theorem 3. Let {M,g) be a spacetime satisfying the following conditions: 

1. {M,g) is globally hyperbolic, 

2. there exists some spacelike Cauchy hypersurface S with an infimum C > of its 
expansion, that is, such that its mean curvature vector H = Hn, where n is the 
future-directed unit normal, satisfies H > C > 0, 

3. the timelike convergence condition holds: Ric(v', v) > Ofor any timelike vector v. 

Then, any past-directed timelike curve starting at S lias length at most 1 /C. 

The reason is that the proof of this theorem can be regarded as isomorphic to the 
proof of the following purely Riemannian result: 

Theorem 4. Let (M, g) be a Riemannian manifold satisfying: 

L g is complete, 

2. there exists some embedded hypersurface S which separates M as a disjoint union 
M = M_ U with an infimum C > of its expansion towards M+, that is, 
such that its mean curvature vector H = Hn, where n is the unit normal which 
points out M_, satisfies H > C > 0, 

3. Ric{v,v) > for every v. 

Then, dist{p,S) < l/Cfor every p G M_. 

In fact, this last theorem can be proven by using standard techniques on focal points 
and Myers' theorem. Such techniques can be extended to the Lorentzian setting 
by realizing that the roles of each one of the three hypotheses in Theorem [3] is 
isomorphic in the proof to the corresponding hypothesis in Theorem|4](in particular, 
the role of Riemannian completeness is played by global hyperbolicity), see ll35l for 
full details. The techniques of singularity theorems, however, become much more 
refined, because of the weakening of causality assumptions or the appearance of 
genuinely Lorentzian elements such as trapped surfaces, see for example liSlJ or 



4.2 Completeness under symmetries 

After previous considerations, it is clear that some strong assumptions will be re- 
quired in order to prove geodesic completeness. We will focus on some type of 
symmetries. 
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Killing and conformal fields. The simple Examples [T] |2] of non-complete com- 
pact or homogeneous Lorentzian manifolds, make apparent the importance of the 
following theorem by Marsden 141] (see also [1 , 4.2.22]): 

Theorem 5. |41 1 Any compact homogeneous pseudo-Riemannian manifold is geodesi- 
cally complete. 

Marsden's proof is carried out by proving that TM can be written as the union of 
compact subsets Sa, each one invariant by the geodesic flow (and, so, Proposition[T] 
yields directly the result). In fact, if g* is the dual of the Lie algebra of the isometry 
group, and P : TM — > g* is the momentum map (i.e., P{v)£, = g{v, £,m), where is 
the infinitesimal generator of ^ e g), then Sa = P~^{oc), for each a £ q*. 

As proven by Romero and the author ll52ll5Tl . this result can be extended in two 
directions. Firstly, it is not necessary, in order to ensure the completeness of each 
geodesic 7, that its velocity 7 remains in a compact subset of TM. In the spirit of 
Proposition |2j it is enough if it remains in a compact subset when its domain is 
restricted to bounded intervals. From such an observation, previous result can be 
extended to metrics conformal to Marsden's. Secondly, a homogeneous manifold is 
plenty of Killing vector fields but if, say, a compact Lorentzian manifold admitted 
just one timelike Killing vector fielcj^/iT, this would be enough. Indeed, as g{'y,K) 
is a constant for any geodesic 7, this (plus the constancy of §(7, 7)) is sufficient to 
ensure fliat 7 lies in a compact subset. So, from these ideas: 

Theorem 6. II521 1511 A compact pseudo-Riemannian manifold {M,g) of index v is 
geodesically complete if one of the following properties hold: 

• {M,g) is (globally) conformal to a homogeneous one, or 

• {M,g) admits V conformal vector fields which are pointwise independent. 

The techniques also admits extensions to non-compact manifolds, see ifSTl . Il54ll : 
for applications to classification of spaceforms, see 1321 . Further results on locally 
homogeneous 3-spaces can be found in |9|, 1 18 1 and 1211. 

Locally symmetric and constant curvature manifolds. As a difference with ho- 
mogeneous spaces, it is easy to check that any semi-Riemannian symmetric space is 
geodesically complete (see for example (44", Lemma 8.20]). Nevertheless, even for 
locally symmetric spaces and, in particular, constant curvature ones, the problem is 
not as trivial as it may seem. We quote two results which will be relevant in order to 
state some open questions below. The first one is due to Lafuente: 

Theorem 7. [39] For a locally symmetric Lorentzian manifold, the three types of 
causal completeness (timelike, lighlike and spacelike) are equivalent. 

The second one was proven by Carriere Iil8j in the flat case and extended by Klinger 
II37I for manifolds of any constant curvature. 



This case is interesting also for the classification of flat compact Lorentzian manifolds, which are 
called then standard, see f32 |. 
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Theorem 8. ifTSl [37l Any compact Lorentzian manifold of constant curvature is 
geodesically complete. 

Remark 8. Recall that the proof of this result holds only for Lorentzian signature; as 
far as we know, the extension of the result to higher signatures is an open problem. 



4.3 Riemannian and Lorentzian interplay: planes waves 

Plane waves, pp-waves and further generaUzations. Consider a Lorentzian n- 
manifold, n > 3, that can be written globally as (M — x Mq,^) where the natural 
coordinates of M? will be labelled (m, v) and g is written as: 

S(u,\\x) = —2dudv + H{u,x)du^+nQgo, V(m,v,x) G xMq, 

being TTq : M — Mq the natural projection and a Riemannian metric on Mo, see 
lfT3l . Here, we will refer to these spaces as Mop-waves. When (Mo,go) is just M"^^, 
these metrics are called pp-waves (plane -fronted waves with parallel rays), namely, 
M = W\ 

n-2 

8iu,v.x) = -2dudv+H{u,x\...,x"'^)du^+Y, (dx')^ y{u,v,x\ . . . ,x"'^) £W . 

i=l 

Such a pp-wave is called a plane wave when H is quadratic in (x\ . . . ,x"^'^), 

n-2 

H{u,x\...,x"-^) = ^ Aij{u)x'xK 

ij=l 

In the particular case n — 4- one writes H{u,x,y) — a{u) {x^ —y^) + 2b{u)xy + 
c{u) {x^ +3'^), where a,b,c are arbitrary smooth functions of u. The functions a^b 
describe the wave profiles of the two linearly independent polarization modes of 
gravitational radiation, while c describes the wave profile of non-gravitational radi- 
ation. When c — Q (vacuum or gravitational plane waves) the Ricci tensor vanishes. 

Plane waves are interesting in many physical issues. We remark here that they 
are also interesting in the framework of rth-symmetric spaces r>2 (introduced in 
ll58l . see Q for a systematic study). These are pseudo-Riemannian manifolds with 
rth-covariant derivative of its curvature tensor R equal to 0: 

V'7?:= V...(') V/? = 0. 

For Riemannian manifolds rth-symmetry implies local symmetry (i.e., VR = 0) but 
proper examples of rth-symmetric spaces can be found in the class of plane waves. 
In fact, such examples are obtained just regarding the matrix A as a polynomial in u 
of degree r — 1 : 

Aij{u) = al^-^^'-^ + . . .+al')u' 
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where ^ 0; a simple computation shows that V'7? ~ but V'^'/? ^ 0. 

As shown in |7|, proper 2nd-symmetric Lorentzian spaces are locally isometric 
to the product of such a wave (with r = 2) and a locally symmetric Riemannian 
space. 

Completeness of Mop-waves. A nice relation between the geodesic completeness 
of a class of Lorentzian manifold and the completeness of Riemannian trajectories 
for a potential appears in the case of Mop-waves: 

Theorem 9. A Mop-wave is geodesically complete if and only if{M{),gQ) is complete 
and the trajectories of 

^(0 =-V^°V(7(r),0 

are complete forV — —H /2. 

Thus, under completeness of the Riemannian part (MQ^go), a Mop-wave is com- 
plete ifH and \dH/du\ grows at most quadratically for finite u-times. In particular, 
all plane waves are geodesically complete. 

Proof. The first part is proven in |13, Th. 3.2], by means of a careful equivalence 
between the Lorentzian geodesies and Riemannian trajectories 1,13. Prop. 3.1]. So, 
it is enough to apply theorem |2j 

As emphasized in lfT4l . this type of result also justifies that all physically rea- 
sonable pp-waves (that is, those with a qualitative behavior of // as a plane wave, 
eventually with a possible decay at infinity) will be geodesically complete and, so, 
they can be regarded as singularity free. 



4.4 Some open questions 

Taking into account previous considerations, the following questions become natu- 
ral and are open, as far as we know: 

1. Assume that a compact Lorentzian manifold is globally conformal to a 
manifold of constant curvature. Must it be geodesically complete? 

Recall that this poses a possible extension of TheoremjS] which may be expected 
after the conformal extension in Theorem |6] of Marsden's Theorem |5] It is also 
worth pointing out that, for compact manifolds, lightlike completeness is a con- 
formal invariant (this is easy to check as lightlike pregeodesics are conformally 
invariant, and their reparameterizations as geodesies depend on a bounded con- 
formal factor, see 1 17 , Section 2.3] for detailed computations). So, if a counterex- 
ample to the question existed, it would be incomplete in some causal sense and 
complete in the lightlike case. In particular, this would prove that Lafuente's The- 
orem|7]cannot be extended to the conformal case even for compact manifolds. 
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2. Assume that a pseudo-Riemannian manifold is r-th symmetric. Must the 
three types of causal completeness be equivalent? 

Such a question becomes natural after Lafuente's Theorem |7] especially in the 
case of Lorentzian 2nd-symmetric spaces, because of their simple classification 
explained above. 

3. Must any complete gravitational (i.e., Ricci flat) pp-wave be a plane wave? 

This is a long-standing open problem posed by Ehlers and Kundt l23\. Recall 
first that all plane waves are complete, even if non-gravitational (Theorem [9]). 
The fact that these waves are gravitational, i.e., Ricci flat, yields a link with com- 
plex variable, as this condition is equivalent to the harmonicity of H{x,u) with 
respect to the variable x (see ESl ). Thus, there is both, physical and mathemati- 
cal motivations for its study [|6][25l. Recall that the completeness of holomorphic 
vector fields become a field of research in its own right which has been studied 
with specific tools, see for example ifTOl . ifTTI . 

As a last comment, we point out that the completeness of trajectories in a Lorentzian 
manifold under external forces is an almost open field with rich possibiUties ifTSll . 
So, even though the physical interpretations of such forces are less apparent in the 
Lorentzian case than in the Riemannian one, this may be an interesting topic for 
future research. 
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